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PREFACE 



Mathematics is such a vast and rapidly expanding field of atudy that there 
are inevitably many important and fasploating aspects of the subject vhlch, 
though vitbin the grasp of secondary school students, do not find a place in the 
curriculum sisiply because cf a lack of time* 

Many classes and individual students, however, loey find tioie to pursue 
mathematical topics of special interest to them, lihis series of panqphlets, 
whose production is sponsored by the School Mathensatics Study Grou|v is designed 
to make material for such study readily accessible in classroom quantity. 

Some of the pamphlets deal with material found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classro^ns in at least two 
ways. Soa.e of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group; 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rotsge 3, Louisiana 

Mr. Ronald J. dark. Chairman, St. Paul's School, Concord, New Hampshire 03301 

Dr. W. Eugene fferguson, Newton High School, Newtonville, Massachusetts CSI60 

Mr* Thonas J. Hill, Montclair State CX>llege, Upper Montclair, New Jersey 

Mr. K^rl S. Kalman, Room TllD, Office of the Supt. of Schools, Parkway at 
21st, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Scburrer, Departmertt of Mathematics, State College of Iowa, 
Cedar ^lls, Iowa 

Dr# Henry W. Syer, Kent School, Kent, Comusctlcut 

Professor Prank L# Wolf, Cftrleton College, Northfield, Minnesota 5507 

Professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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TEACHERS' CCKMEKTARY 



NUMERATION 

Introductlor 

For thi unit little background is needed except ftolliarlty with the 
nuaber «ysboli and the basic operatlona vith numbers. The purpose of the unit 
is to deepen the pupil's understanding of the decimal notation for irtiole num- 
bers^ especiall^y %rith re^rd to place value i and thus to help him delve a 
little deeper into the reasons for the procedures ^ vhich he already knovs, for 
carrying out the addition amd multiplication operations* C^e of the best ways 
to accomplish this is to consider systems of number notations using bases 
other than ten. Since, in using a nev base, the pupil must necessarily look 
at the reasons for ^carrying^ and the other mechanical procedures in a new 
light, *ie should gain dee^^r insight into the decimal syston* A certain 
asfflunt of computation in other systems is necessary to "flx^* these ideas, but 
such computation should not be regarded as an end in itself. Some of the 
pupils, however, may en^y developing a certain proficiency in using nev bases 
In computing. 

Perhaps the most importEmt reason for introducing ancient symbolisms for 
numbers is to contrast them with our decimal system, in which not only the 
symbol, but its position, has significance. It should be shown, as other 
systems are presented, that position has scMe significance in them also. The 
Roman Systes has a start in this direction in that XL represents a different 
tjuaber from LX, but the start was a very primitive one. The Babylonians also 
atfde use of position, but lacked a symbol for zero until about 200 B.C. The 
Babylonian Symbol denoted the absence of a figure but apparently was not 

used in computation. The numeral zero is necessary in a positional system. 
In order for the pupils to appreciate the important characteristics of our 
system of numeration the following table may be diaousscHl. 





Base 


Place Value 


Zero 


i^gyptian 


Ten 






Biby Ionian 


Sixty 


Yes 


Limited 

meaning 




Varied 


Ife, but It has 
positional value 


No 


Dtolmal 


Ten 


Yes 


Yes 



Pupils should not be expected to memorize ancient symbolism. It Is recommended 
that little time be spent on the use of the symbols themselves. 

It is especially important to distinguish between a number and the symbols 
by which it is represented. Some of the properties usually connected with a 
number are really properties of its notation. The facts that, in decimal no- 
tation, the nujneral for a number divisible by 5 ends in 5 or 0, and that 

^ has an unending decimal equivalent (0.333 ), are illustrations. ^faL^y 

of the stat«nents ve make deal with properties of the numbers themselves and 
are' entirely independent of the notation in which they are represented. Ex- 
amples of such statements are: 2 + 3 =^ 3 + 2; the number eleven is a prime 
number; and six is greater than five. T^e distinction between a number and 
the notation in which it is expressed should be emphasized whenever there is 
opportunity. 

An attempt has been made to use "number" and "numeral" with precise mean- 
ing in the text. For example, "numerals" are written, but "numbers" are added. 
A numeral is a written symbol. A number is a concept. Later in the text ix, 
may be cumbersome to the point of annoyance to speak of "adding the numbers 
represented by the numerals written below." In such case the expression may 
be elided to ''adding the numbers below." 

At several points, numbers are represented by collections of x's. Ex- 
ercises of this kind are important, because they show the role of the base in 
grouping the x*s, as veil as the significance of the digits in the numeral 
for the number. 

1. History of Numerals 

Tiie purpose of the historical material is to trace the continuing need 
for convenient symbols and for a uselYil way of writing expressions for numbers. 
Z!^. ^ idea of "one-to-one" correspondence is introduced. 

He^c ^r.phasis is upon niimerals rather than upon number. Egyptian 

symbolism is introduced familiarize the pupils with one of the first impor- 
tant systems of notation. Do not consume an excessive amount of time in dis- 
cussing the Egyptian or Mbylonlan systems. 

Tlie Fabylonians were among the first to usf^ place value* The base sixty 
system is mentioned because of later r^Verem;^ to it, particularly in measure- 
ment, 'H^ere is evidence that the Babylonians also used symbols like ^ but 
there Is no need to lntroduf*e these to the pupils. No pupil should be required 
to memorize ancient i^ymbolism except in the case of Roroaii numerals. 



Rosoan syst^ amy be stressed because of its continued use* Note that 
the aubtracting principle was a late development. It may be pointed out that 
coaputation in ancient symbolism vas ccaaplex and sometimes very difficult. Be- 
cause of this, various devices were used, such as the sand reckoner, counting 
table, and abacus. After decimal numerals became knovn, algorithms vere de* 
vised and people were able to calculate with symbols alone. There was much 
opposition in EXirope to the introduction and use of Hindu-Arabic numerals, 
especially on the part of the abacists* As the new system became accepted, 
the abacus and other computing devices slowly disappeared in Eka^pe. 

2. 'Rie Pgcimal System 

The illustration of grouping in tens suggests a method useful in mental 
calculation as 37 + 62 is 3 tens + 6 tens +7+2 which is 99* Note that 
parentheses are used to show that certain combinations are to be considered as 
representing a single number. 

Etaphaslze the value represented by a digit and the value of position in 
decimal notation. 

Etaphasize the importance of the invention of a useful system which Ifends 
itself easily to calculation • Ttie efficienry of the decimal system lies in a 
combination of factors. 

1. Only a few symbols are needed, no matter how large or small the number 
expressed. Some students may observe that we use ten symbols ^ile the 
Babylonians used Just two and the Egyptians and the Romans each used 7 • 
However, in the decimal system no additional symbols are ever needed as 
larger numbers are introduced^ this is not true of the other systems. 

2. Place value in which each position corresponds to a power of the base is 
of importance in a system used for calculation. 

3. The concept of zero as a place holder is essential in the development of 
a place value system. 

Tlie reading and writing of numerals may be treated as a review, or if 
needed, as a thorough study, depending on the needs of pupils. Some pupils 
may l^now and understand this material completely. Others may have a very 
limited proficiency in this area. 

A class discussion might deal with the following: 

Stappose we used systematic names for numei^ls such as ''two tens" for 
twenty, "two tens, one" for twenty-one, *'ten, one^' for eleven, and ^'ten, two" 
for twelve* How many different, basic words would be needed to ns^ne all count- 
ing numbers up to a trillion? (Hemember that a numeral like ^'one hundred, 
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three tens, six*' is made up of basic words used many times In other numerals.) 

acre are fifteen essential words; "one, two, three, , ten, hundred, 

thousand, trillion." 

3. Expanded Numerals and Exponential Notation 

Exponents are introduced here in a situation which shows clearly their 
usel\ilness for concise notation. Furthermore, their use serves to emphasize 
the role of the base and of position. This role will be more fully utilized 
in the sections to follow. 

The Celts and Mayans used twenty as a base probably beceuse they used 
their toes as well as their fingers in counting. T^ie sf^cial name sometimes 
used for twenty is **score." Gome Eskimo tribes count by five using the finders 
of one hand. 

4. Numerals in 1-^se oeven 

The purpose of teaching systems of numeration in bases other than ten is 
not to produce facility in calculating with ouch systems. A study of an un- 
fam liar system aids in understanding a familiar one. Just as the study of a 
foreign language aids us in understanding our own. TOie decimal system is so 
familiar that its structure and the ideas involved in its algorithms are 
easily overlooked. In this section attention is focused on numerals, rather 
than on numlers. 

Questions ma>' arise aVout the notation for a numeral to base seven. We 
do not write because the symbol does not occur In a system of 

numeration to this lase. Replacinc the numeral by the written word emphasizes 
this fact. 

lAler in the pamphlet and in succeeding work, some classes may agree to 
indicate th.e tase, as different systems of numeration are introduced, by a 
numeral in decimal notation. T})ey may agree that they will regard the sub- 
script in this case as always based on ten. Thus they may write for S^j 

seven 

the expression ^ for i^^^^^^ the expression Ib^^; and for HO^^^, llO^. 

After the pupils have had practice in grouping ly sevens, introduce 
counting. i>ipils enjoy cour.ting i\i turn, and helpifig ea^^h other as 30 

seven 

^^^^ niimeralD arise, liave tliem fill in mlsslnr parts of the 

seven 

list on pa^'e ] = ornlly vill prrhnps n rpcordcr at the bofiril. 
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Nuaei*ls (in base seven) lYon 21^^..^„ to 

seven 


202 

seven 






30 


UO 


50 


60 


1(X> 


110 


120 


130 


140 


150 


160 


200 


2X 


31 




51 


61 


101 


111 


121 


131 


141 


151 


161 


201 


22 


32 


U2 


52 


62 


102 


112 


122 


132 


142 


152 


162 


202 


23 


33 


1+3 


53 


63 


i03 


113 


123 


133 


143 


153 


163 




24 


•3)1 


h li 


5U 


64 


101* 


114 


124 


134 


144 


154 


164 




25 


35 




55 


65 


105 


115 


125 


135 


145 


155 


165 




26 


36 


U6 


56 


66 


106 


116 


126 


136 


146 


156 


166 




At 


66 




you 




wish to 


fifty: 


"This 


ie the nunil er ol' 


states 


ve 1 



in the United States before Alaska became a state. Hov nmiy states did ve 

have after Alaska and before Hawaii? Hov shall ve express this number in base 

seven nuroerals? We have gone as high as ve can in the 'one* place and in the 

•seven* place. Wliat is one more than 66 _ ? W^at do you do when you reach 
^ seven 

99 in the decimal system?^' When the pupils understand that after 

seven 

conies 100 , ask them, "How ma?iy states are there when ve include Hawaii?" 
seven* 

FUpile may read 101 as "one, zero, one, base seven." 

^ *^ seven 

Have the pupils ^-ontinue to count orally until they reach 202^^^^^. 

It is usually helpful to keep the chart on page IS on the boaid during 
the time tliis section is studied. Dome tearhers emphasize the meaning! of ex- 
ponents by writing the cb^art in two ways: 

seven seven 

(seven X seven X seven x seven) (seven X seven x seven) 

2 1 
Q seven one 

(seven X seven) (seven) (one) 

It is s\i^>:ested tb.at altertiate exercises in this list be discussed and 
answered in class as a group underteikln^. The pupils should then be ready to 
itteitjpt the remaining: exercises without further help. 



5. Computation in lase Heven 

Be sure that pupils understated the construction of tb.e addition tal le 
for base ten. 
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Addition jp Binse 



4 


0 


1 


2 
fa 




li 






7 

f 


A 


Q 
/ 


0 




i 












7 


8 


Q 
J 


I 


1 










6 


7 


8 


Q 


1 n 

X(k^ 


p 


p 


"3 
J 






Q 


f 


o 


9 


10 


11 






L 






f 




y 


lU 


XX 


12 






J 


6 


1 










Xc 


xj 






Q 


r 


o 


9 




IX 


12 


13 


Ik 


6 


6 


7 


8 


9 


10 






X J 


X*T 


xp 


Y 




8 


y 


10 


11 


12 


13 




15 


16 


8 


8 


9 


10 


11 


12 


13 


11* 


]*? 




17 


9 


9 


10 


11 


12 


13 


li* 


15 


16 


17 





Ixipilc should be helped to observe the s^wnetry of the table with respect 
to the diagonal* They will notice that ti + 6 6 8, for exainple, and that 
this Is true for any pair of numbers. This illustrates the commutative pro- 
perty of addition. 

li* pupils know the fantc. no tJme should be wasted on the table alter its 
characterist 1^-15 have been discussed. 



Addition, Base Seven 





0 


1 


2 


3 


l4 


5 


6 


0 




1 


2 


3 


k 


5 


6 


1 


1 




3 


k 


5 


6 


10 


p 


? 


3 




5 


6 


10 


11 


3 


3 


k 


5 




10 


11 


12 


k 


i* 


5 


6 


10 




Ik 


13 


5 


5 




10 


11 


12 




Ik 


(, 


6 


10 


11 


IS 


13 


Ik 





T}:ere is no value hi mejsorlzlng thi0 table, Tiie process is more impor- 
tant than the fHcts. The point to be emphasized is that ruimbers and nuajber 
propertieo an? indej>endent ol* the numerals or syrot ols uced to repreoent the 



mmberc. Coomutativlty boldB in bane seven ^ veil ma base ten because it is 
a property of numbers, not numerals. 

Addition in base seven is undertaken to clarify addition in decimal nota- 
tion. Some of the ne%rer elccientary school textbooks prefer to use the word 
"change" or "regroup" rather than "borrov" since the first two words seem to 
describe the actual process better than the last. 

Point Out to the pupils that in adding in base ten it is often necessary 
to ra^roup ten ones as one ten, ^ewas in base seven we regroup seven ones as 
one seven. 

As pupils use the table in subtraction, they may observe that subtraction 
is the inverse of addition. 

Some of the exercises in addition and subtraction are written in horizon- 
tal fashion in preparation for future work in algebra. 

Gince division is the most demanding operation, it is suggested that 
teachers regard the topic ^s optional and do only as much as they ^udge appro- 
priate in class discussion. Pupils may need help in learning hov to use the 
mUltlplir-ation table to find division facts. Exercises are included for those 
pupils who wish to attempt them. 

Working with base ten and base seven numerals, using the tables, and 
changing from base seven to base ten, provide many opportunities for needed 
drill in the four operations. Teachers may wish to observe the kinds of drill 
needed and to devise additional exercises of the appropriate type. 



6. Chan^in^ from Base Ten to Base Seven 

Pupils in general find it easier to change frc^ base seven to base ten 
numerals than the reverse. T^is section gives much detail in order to provide 
help to pupils who may have trouble. 

AsK for the highest pover of seven which is contained in the number given 

in base ten mameration. For example, consider 63^, , Is 7^ or iPhOl ) 

^ ^ ten ten 

contained In ^3^^^^^^ Is or (3^3^^^^)? After we have taken as many 

■^^"^tcn*^ possible from ^'3^^^^^ how much remains? Tlie next power of 7 
is 7 ? How many ^9^,,j/3 arc contained in 291^^^^ ? Finally, how 7'^^, 

and how many I's are loft? 

A second method of changing frosa base ten to base seven numerals is 
developed In Bicercises 3, on F^e ^'f* 



10 
10 
10 
10 



i 19!58 
I 1S5 

U 
0 

Li 

0 



remainder 
rea&lnder 
recsainder 
remainder 



remainder 
rosalnder 
remainder 
remainder 



8 



5 



9 
1 



6 
k 

3 

1 



The number Is 1958 



The number is 13^6 base seven 



Some pupils vill see that the 



6 ones are found first when 7^ groups 
of 7 are taken away. These groups of 7 are then put together in groups 
of 7 sevens with ^ groups left for the numeral in the 7 place- The pro- 



cess is repeated to find the digits for successive places in the ntimeral. 
Rumer als in Other Eases 

Bring out the idea that the base of the system that ve use is "ten" for 
historical rather than mathematical reasons- Some mathematicians have sug- 
gested that a prim«i number such as 7 has certain advantages. The Duodecimal 
Society of America, 20 Carlton Place, Staten Island h, New York supports the 
adoption of twelve as the best number base- Information about the duodecimal 
system is furnished by this society on requesu. Exercises in other n\amber 
bases help establish eui understanding of what a positional, power system of 
numeration is* 
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SAMPLE QUESTIONS 

The sets of questions pMsented ere are not Intended as a test. Teachers 
should construct tests carefully by combining selected items from the set of 
questions included in this psujiphlet and questions of their own writing. Oreat 
care should be used to avoid making the test too long. 

Part I. True - False 

1* The 3 in 356 stands for three hundred. 

seven 

k 

2. 10 means 10 X 10 X 10 X 10. 

3. T^e numeral 8 represents the same number in the ten system as in the ■ 
twelve system. 

k. The smaller the lase, the more basic combinations there are in the multi- 
plication table. 

5- T^ie fourtn place from the right in the decimal system has the place value 

6. In base two numerals the number after 100 is 1000. 

We can make a symbol mean what we wish. 

B. Wicn we "carry" or "regroup" in addition the value of what is carried 
depends upon the base. 

9. A number may be exprcosed in numerals with any whole number greater than 
one as a base. 

10. In the symbol 6^, the exponent is 3» 

11. t)13 . means (5 x six X six X six) ^ (l x six X six) + (3 X six). 

six 

li 

12. 'Tlie 1 in 10,000^ means 1x2 or sixteen. 

two 

li. T}]e follow! r.f: nujnerals represent the sajne number: -^^^^velve* "^^'^eipht' 

1033 , . 
six 

Ih^ In base eight numerals, the number before 70 is 66. 

15. Four symbols are sufficient for a numeration system with base five. 

16. In the base four system 3^3 = 11., 

I our 

17. When wo "borrow" in the twelve system as in 1.57 - t^E, we actually 
"borrow" twelve units. 
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18, In the Egyptian systein a single symbol could be used to represent a 
collection of several things, 

19 • The Babylonians made use of place value in their numeration system. 
20. The Roman nujneral system had a symbol for zero. 



B^rt II. Completion 

1. In decimal nuiaerals 1^+^ , 

twelve 

2. MCXXIV in decimal numerals is 



3. 

k. 

5. 
6. 
7. 
8. 

9. 
10. 

11. 
12. 

13* 
Ik. 
15. 

17. 

18. 

19- 



is 



The decimal system uses 



different symbols. 



In any numeration system, the smallest place value for whole numbers is 



629,^68,000,000 written in words is 



The number represented by 212 is 

seven 

In expanded notation 5,678^ is 

ten 



(even or odd) . 



seven seven 



-seven 



The product of 312., and 32^ is 

I our four 



-four 



110011 



two 



-ten 



The numeral hhk^,, represents an 
i Xve 

five five 



(even, odd number). 



13 



ten 



-two* 



The numeral after 3r . is 

eight 



-eig^jt * 



Write the ^i-plaoe bnsc- ten numeral which names the Inr^^rst number you can 
reprecent usln^.^ rill of the dl^ltn 5, 6, and 0. 

Write the ^i-i'lnee brinr ten numrral which names th^- r^maUcst number you 
i^an represent usln^; all of the rliglts T,, *, and C, 

What is the largest mimber you can write, using two 4' 5 and no other 
symbols? 

Write this numeral without exponents: 5^ * 

Tlie ruimeral immediately before 1000^ is 

two — — 



Dubtract: h2,,, - 1^^^., 

five five 
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Rtrt m. Multiple - Choice 



1. In which of the numerals below does 1 stand for four? 
(a) 21j 

^^eight 
^°°two 

S« In what bftse are the numerals written If 2 x 2 » 10? 

(a) Base tvo (d) Base five 

(b) Baae three 

(c) Base four 

3. A decimal numeral which represents an odd number is: 

(a) 1^61,000 (d) 9,000,000 

(b) 7629 

(c) 563^ 

If N represents an even niusber, the next consecutive even number can 
be represented by: 

(a) N (d) 2N 

(b) N -^^ 1 

(c) N + 2 

5* Which numeral represents the leu*gest number? 

(a) U3^, (d) 2k , 

five nine 

(b) 212^^ (e) m ^ 

three twenty-five 

(c) 10110^ 

two 

6. Which is correct? 

(a) 5^ * 5 ^ 5 5 5 (d) 2^ = 2 x 3 

(b) ii-' = 4x4x^ (e) rione of the above is correct. 

(c) ^^^^hxkxhxkxk 

7* 6120 , is how many times as large as 6l2 . ? 
nine nine 

(a) twelve (d) five 

(b) ten 

(c) nine 

8, In which base does the numeral 53 represent an even number? 

(a) twelve (d) seven 

(b) ten (e) six 

(c) eight 

11 
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AH3WERS TO SAMPLE QUESTIONS 



Part I. True - Etlse 



1. 


False 


11. 


False 


s. 


True 


12. 


True 


3. 


True 


13. 


I^klse 


1*. 


fUse 


Ik. 


F^se 


5. 




15. 


liklse 


6. 


False 


16. 


Ealse 


7. 


True 


17. 


True 


8. 


True 


18. 


True 


9. 


True 


19. 


True 


10. 


True 


20. 


False 



Rurt II. Completion 



1. 


16 


11. 


even 


2. 


1123* 


12. 


^l^five 


3. 


Ten 


13. 


1101. 
two 


k. 


Oiie 


11+ . 


elght 


5. 


Six hundred twenty-nine billion. 


15. 


7650 




four hundred sixty-eight million. 


16. 


5067 


6. 


Odd 


17. 




7. 


(5 X 10-^) + (6 X 10^) + 


l8. 


125 




(7 X 10^) +(8x1) 


19. 


111* 
two 


8. 


1302 

seven 


20. 


^^five 


9. 









10. 51 



Part III. >&:iltlple Choi 

1. (c) 

2. (c) 

3. (b) 
1*. (c) 



5. fe) 

6. (b) 

7. (c) 

8. (d) 
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ANSWERS 



Ebcerclsea 1^ Page k 
1. 

n . 

Mi 999 



(a) Hi (d) n n n 

niii i999 n no 



(t)nnnnniii SfSiS^fnmi 

(c) 9999 99 

nnnnnn 
i i i 1 I I 

2. nnti, nmi, iinn . 
mm. mm. mm 

3. (a) 200,1(5 (c) 1029 

(b) 2052 (d) 1,100,200 

h. (a) (b) (c) 

\]\ «" <««' 

5. (a) 15 (b) 37 (c) 55 

6. (a) 29 (e) 666 

(b) 61 (f) 500,000 

(c) 90 (g) 1^92 

(a) 105 

7. (a) XIX (d) MDCXC 

(b) LVII (e) M 

(c) DCdiXXXVIII {f) XV 

8. (a) 7 (c) 7 
(b) 2 (d) 10 

9. (a) No. Since X represents a smaller number than C, XC means 

100 - 10 or 90 while CX means 100 10 or 110. 

(b) Yes, since the position indicated whether the nvaabers were to 
be added or subtracted. 



If 

ERIC 



10. («} Thxmn 

(b) Otae hundred eleven 

(c) In the RoQAn eystea^ the symbol shove the nmaber of units to he 
Added while our systes shows the mixnber of groups sxid Mch group 
hss m dlffex^nt number of units. The decimal system involves 
place value vhile the Roman systra does not. 

U. (a) 1709 (b) S6k0 

feU 1U08 
2363 ' or ^*tCCCI;C^I kOhS or MWftKLVIII 

» 

Exercises 2 " Ri^e 7 

1. Tenj 0, 1, 2, 3. ^, 5, 6, 7, 8, 9 

2. (1) units, (2) tens, (3) hundreds, (U) thousands, {5) ten tVousands, 
(6) hundred thousands, {7) millions, (8) ten millions, 

(9) hundred million 

3* (a) three hundred 

(b) three thousand five 

(c) seven thousand one hundred nine 

(d) fifteen thousand fifteen 

(e) two hundred thirty-four thousand 

(f) six hundred eight thousand fourteen 

(g) one hundred thousand nine 

(h) four hundred thirty thousand one 

(i) nine hundred ninety-nine thousand nine hundred ninety- nine 

(Note; Ctaly the ten numbers are hyphenated, as "twenty- three ^" etc.) 

4« (a) seven million thirty-six thousand two hundred ninety-eight 

(b) nine trillion three hundred billion seven hundred eight million five 
hundred thousand 

(c) twenty billion three hundred million four hundred thousand five 
hundred 

(d) nine hundred billion 

5- («> 159 (e) 4,376,007,000 

(b) 503 (f) 20,010 

(c) 6^7 (g) 9,015*200 

(d) 3,070,013 



Ik 



6* 99,999 meana (9 X 10,000) + (9 x 1000) (9 x 100) ^ (9 X lO) + (9 X l) 
aioety^nlae thousand nine hundred ninety*iilne« 

?• 100,000 means {l X 100,000) 4 (O x 10,000) + (0 x 1000) 4^ (O X lOO) 
♦ (0 X 10) ♦(Ox 1). One hundred thousand. 



Exerclges ^ — Rige 10 

1. Ten to the first pover, ten to the second power (or ten square), ten to 
the third pover (or ten cube), ten to the fourth pover, ten to the fifth 



power. 








3^ 


(e) 




(b) 


2^ 


(f) 




(c) 


6^ 


(e) 




(d) 


25^ 


(h) 


1^1 

16 


(a) 


three 


(e) 


An ei^nent of one indicates the 


(b) 


seven 




value of the base. In a strict 


(c) 


two 




sense this ^ is not a factor.' 


(d) 


ten 


(f) 


five 




k X h X k 






3x3x3x3 






2 X 2 X 


2X2X2X2X2X2 






10 X 10 X 10 X 10 X 10 X 10 X 10 






33 X 33 X 33 X 33 X 33 




Ir) 


175 X 175 X 175 X 175 x 175 x 175 




The 


exponent 


tells hov muD^ ti&es the baise is t&ken as a fsurtor. 


(a) 


3 X 3 X 


3 « 27 




(b) 


5x5- 


25 




(c) 


U X 1^ X 


i+ X 1* » 256 




(d) 


2 X 2 X 


2 X 2 X 2 « 32 




(c) 


6 X 6 ■ 


36 




(f) 


7 X 7 X 


7 - 31*3 




(g) 


8x8- 


6h 




(h) 


9X9- 


81 




(1) 


10 X 10 


X 10 = 1000 




(J) 


3 X 3 X 


3 X 3 - 81 




(k) 


2 X 2 X 


2X2X2X2-6i+ 




(1) 


k X k X 


If X U X ^ « loaif 
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7. (a) 1*^ aeans 6k. s'* s»ana 8l. 



7 






(b) 








(b) 




(c) 




















Q 

10^ 




R 








7 

10 








lOP 




10^ 
















10^ 



neana 512. 9^ ocAna 8l. 



(c) (7 X 10^) + (0 X 10^) + (6 X 10^) (2 X 1) 



1 rs r\/v> 


ten billion 


1,000,000,000 


one billion 


100,000,000 


one huncixtjd million 


10,000,000 


ten million 


1,000,000 


one million 


100,000 


one hundred thousand 


10,000 


ten thousand 


1,000 


one thousand 


100 


one hundred 


10 


ten 



10, The exponent of the base "10" tells how many zeros are written to the 
right of the "1" ^en the numeral is written in the usual way. 

11, (a) 10^ (c) 10^ 
(b) 10? (d) 10^ 

12, 10^^. (It may be pointed out to the pupils that 1^^ is ij 



13- 100, 10, Scxue discussion might be devoted to the meaning given to 

10^* This poii 
in later work. 



10^* This point need not be stress^ at this time, but it is useful 



Exercises k — I^e Ik 

1. (a) 13 (b)- 2k (c) ll6 

seven ^ seven seven 



16 



2. 





XXX 

X X 



(d) fx X X X X X X 

X X X X X X X 

X X X X X X X 

X X X X X X X 

X X X X X X X 

X X X X X X X 

yX X X X X X X 



3- 


(a) 


(3 X seven) 


(3 X one) • 21* 






(b) 


{k K seven) + 


(5 X one) «» 33 






(c) 


(1 X seven x 


seven) ■ k9 






(d) 


(5 X seven X 


seven) + (2 X seven) 


+ (If X one) ^ 263 


k. 


(a) 


10 

seven 


(d) 


163 

seven 




(b) 


^'''seven 


(e) 


1000 

seven 




(e) 


55 

■^•^ seven 


(f) 


1010 

seven 




(a) 


560 

^ seven 


T^iC 6 mews 


6 sevens 




(b) 


seven 


llie 6 means 


6 ones 




(c) 


6C35 

seven 


The 6 means 
6 (fort^f-nine)' 


6 (seven X seven) *s or 

s 




(d) 


6050 

seven 


l^e 6 means 


6 (seven X seven X seven) 's 



6, seven*^ or seven to the fourth power 
7* The product of 9 sevens or (7^). 



Throughout the text, problems, topics, and sections which vere designed 
for the better students as^ indicated by an asterisk (*). 



ERIC 



1 ' 



11. Kelther. Shey are equal. 

12. (m) Ym. 30^^^ - (3^^^ X ten) + (O X l) 

(b) No. When is divided by 10^^^ there is a non-zerp 
resainder. 

(c) If the units digit is zero the nimber is divisible by ten; otherwise 
it is not divisible by ten. 

3°seven " ^Hen ^" divisible by ten. . 
^^seven ^^ten divisible by ten. 

*lh. (a) It has a reaalnder of zero vhen divided by seven. 

(b) Yes. (3 X seven) (O x l) is divisible by seven; remainder is 0. 

No. (3 X 7) + (1 X 1) « 22 is not divisible by seven. 

*l6. A number written in base seven is divisible by seven ^en the units digit 
Is zero. 

^ten ^ten divisible by two. A number divisible by two Is 

called an even number. A number not divisible by two is called an odd 
number. 

*l8. 11 is even. 

seven 

Ifo. You cannot tell merely by glancing at the numerals. You eould tell 
by converting each numeral to base ten. There is another method which Is 
shorter. It may seem a bit h&xd at first. For e^mple, 

^^seven " ^ ^ ^ + ^2 = 1 >^ (6 + l) + (2 x l) 
- (l X 6) + (1 X 1) + (2 X 1) 
-(1x6)+ ((1 2) X 1} 

• 

The first term is divisible by two but the second term is liot divisible 

by two; hence the sum Is not divisible by two, Itotfi that the digit in 

the units place of the iMt expression in the displi^ i * 2, is the sum 

of the digits of 12„^,^^ and this sum is not divisible by t\fo. This is 

seven 

a general rule for base seven numerals. 
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n r 



X9« 'Ihey use 8«v«n symbols and setts to 
sevsn. They ^pear to use \ $ 
6 and — for sero. follows 

SO* See discussion problss l8. If the 
the number is even. 



have a place vmlue system vith base 
^ O ,S I H , for 1, 2, 3, ^, 5i 

sum of the digits is divisible by 2, 



Exercises Ja F^ e 17 
1.' (a) U (b) 17 

3* (a) Yes 

(b) reading the table, 64-5 is shown in row 6 and column 5. 
9 + 8 or 17 is the entry in tov 9 and column 8, 

(c) Chart is symmetric vith respect to the diagonal* 

(d) 55 different cc»3binations; ^ust a bit over half the total 
number of combinations. 

5» (a) 28 different ccsmbinationst Fewer than k9 because of the 
commutative law of addition* 

(b) In base seven because there are fever. 

(c) They are equal since 9 « 12 



BuerciseB — Rage 20 
1. (a) 56 

seven 
(19 + 22 - kl) 

(b) 110 

seven 

{kl + 15 - 56) 

(c) 300 

seven 

(109 + 38 - li»7) 

(d) 620 

seven 
(91 + 217 - 308) 

(e) 2J*1 

seven 

(33 + g'* - 127) 

(f) 1266 

seven 

(199 + 290 - U89) 



^^^h^^en 

(327 + 299 - 626) 

(h) 14,562 

^ ' *^ seven 

(2189 + 1873 -= 4062) 

(i) 641il 

seven 

(2160 + 123 - 2283) 

(J) l6kh 
^ seven 

(327 + 342 « 669) 

(k) 14,654 
' * seven 

(1917 + 2189 = 4i06) 



2. (ft) 2 



seven 



(b) 4 



seven 



(c) 4 



seven 
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2.evn 

(7-5-2) 

(b) 36 

seven 
(Vf - 20 - 27) 

(c) 163 

■even 

(98 - If » 9k) 

(d) 151 

seven 

(91 - 6 ■ 85) 

(e) 6 

seven 
(32 - 26 . 6) 

(f) 506 

seven 
(323 - 72 - 251) 



(g) 203 

^ seven 

(2!f7 - 1^*6 - 101) 

(h) 1*06 

seven 
(1715 - 1513 - 202) 

(i) 552 

seven 

(319 - 37 - 282) 

ilk - U7 - 27) 
(h) 125'* 

seven 
(X26I - 781 - 1+80) 
(1) 5^* 

seven 
(136 - 97 = 39) 



(a) /xx xx\ 




(b)/^ X X \>i< X X 

XXX XIX X 




!4iltiplication. Base Ten 



X 


0 


1 


2 


3 


k 


5 


6 


7 


8 


9 


0 




0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 




2 


3 




5 


6 


7 


8 


9 


2 


0 


2 




6 


8 


10 


12 


Ik 


16 


18 


3 


0 


3 


6 




12 


15 


18 


21 


2k 


27 


k 


0 


k 


8 


12 




20 


2k 


26 


32 


36 


5 


0 


5 


10 


15 


20 




30 


35 


1*0 


45 


6 


0 


6 


12 


18 


2k 


30 




42 


1*8 




7 


0 


7 


Ik 


a 


26 


35 


J*2 




56 


63 


8 


0 


8 


16 




32 


ko 


k8 


56 




72 


9 


0 


9 


18 


27 


36 


^5 




63 


72 






Exerctfles — ft ^e 22 

1. Study of this table s^juld emphasize the following: 

(a) Hhe product of 0 and any number is zero* 

(b) Ihe product of 1 and any number is the number • 

2. Ihe order in multiplication does not affect the product. This is indi- 
cated by the fact that the parts of the table on opposite sides of the 
diagonal line are alike. 



3. 



Multiplication^ Base Seven 



X 


0 


1 


2 


3 


k 


5 


6 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


k 


5 


6 


2 


0 


2 


k 


6 


11 


13 


15 


3 


0 


3 


6 


12 


15 


21 


24 


k 


0 


h 


11 


15 


22 


26 


33 


5 


0 


5 


13 


21 


26 


3h 


42 


6 


0 


6 


15 


2U 


33 


42 


51 



Study of this table is valuable for the additional insight it affords 
into the understanding of multiplication. There is no value in memorizing 
it. The table may be used to emphasize that division is the inverse of 
multiplication. 

k. Since multiplication ccsabinations are needed only up to 6x6 instead 
of up to 9 X 9, multiplication is easier to learn in base seven than in 
base ten. 

5- (a) Both parts are alike, 

hevm ^seven * ^seven ^^^ven' ^^^^ illustration of the 

fact that multiplication is commutative. 

6. 2835] 18,675; 2,017,372; 697,226] 3,98l,35^. 



Exercises Rage 2k 

1. (a) 45 

seven 

(b) 222 

seven 

(c) 1116 



seven 



(d) 3325 

(e) IhSh 



seven 



seven 



(f) 4^i3,115 



seven 



is) 106,533, 

(h) 5,51a ki 

(i) 125,1. 

seven 

(J) 1,660,101 



seven 



seven 



21 



•2. (•) 5,gv«n 

It) 62 

* ' seven 

^^^seven " remainder of 2^^^^^. 

(d) 123ggYe„ " remainder of ^^^^^n' 

3. (a) {!♦ X 7 X 7) + (OX 7) + (3 X 1) . I99ten 

(b) (1 X 10 X 10) + (8 X 10) + (9X1)- l89^g„ 

5. (a) 66^,^,„ l^^seven 

(b) 123„_ ^d) 12C53^^3„ 



seven 



6. (a) k^^^^^ (b) 26^^,,^ (e) 

7. Grade 7, rocan 123$ book 7j 15 chapters; 39k pages; 32 pupils; 5 days? 
55 minutes; 13 girls; 19 boys; 11 years old; 66 inches or 5 feet 6 
inches tall* 



Exerelees 6 — Page gj 

1 (a) 50 ^ (i X seven^) + (0 X seven) + (1 x one) 
^ ten 

- 101 

seven 

(b) lk5 - (2 X seven^) + (6 X seven) + (5 X one) 
ten 
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3. 



1*. 



265 



seven 



(c) 102U - (2 X seven^) + (6 X seven^) + (6 x seven) + (2 X one) 
ten 

2662 



(a) 15 

(b) 51 



seven 



seven 



(c) 62 

Q » 195 

Q •= 19 

Q » 1 

Q » 0 

Q " Ik 
Q = 10 

Q » 1 
Q - 0 



seven 



seven 



R 
R 
R 



8 
5 
9 



R »= 1 



R 
R 
R 
R 



6 
k 

3 
1 



(d) lOk 

(e) 1^31 



seven 



seven 

(f) 3564 

^ ' seven 



524 



ten 



1346 ; the digits of the 
seven 



V^ase seven numeral are the remainders 
which have Just been obtained. 



00 



27 



5. Divide by seven mn& ccmtinue to divide e«ch quotient by seven. The 
digits in the nuaeiml sought will be the remainders in order vith the 
first remainder in the "one" place. 

6. (a) 1161 (e) 1116^^^^^ 

(b) 275 3 

(c) 65U 

seven / \ . 



seven 




(a) 2 groups of three and 1 left over. 

(b) No. Only the digits "0", "l", and "2^' are used in the base 
three system. Is not one of these. 

2, 



(c) (1 group of three ) + (2 groups of three) + (l left over), 
'ten ~ *"Hhree* 



(d) 16^^^ - 121. 



ten 




(c) / 









f 




1 


X 




J 


\x\ 


vli V 


r 









ten 



(d) 



ten 




, 11 



ten 



3. 


Base Ten 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 




Base Five 


0 


1 


2 


3 


k 


10 


11 


12 


13 


ih 


20 



Base Ten 


11 


12 


13 


Ik 


15 


16 


17 


18 


19 


20 


Base Five 


21 


22 


23 


2k 


30 


31 


32 


33 


34 


ko 



Base Ten 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


Base Five 


kl 


kS 


h3 


kk 


100 


101 


102 


103 


104 


110 



4. (a) two 

(b) two 



( c ) two 

(d) two 
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5. 




(2 X 36) 


♦ (If X 6) + (5 X 1) - 


101 






(b) 




T\ixp;*\gxi/« 


ICR 






(c) 


(1 X 27) 


♦ (0 X 9) ♦ (0 X 3) + 


(2X1)- 


29 




U) 


(1 X 64) 


♦ (ox 16) ♦ (2 X 4) ^ 


Ml X 1) 


- 73 




Other ansvers 




\d X t) ) 


, / 1, /'I \ 






fi4se Hen 


Base Six Base Five 


Base Four 


Base !Ihree 




(a) 


11 


15 21 


23 


102 




(b) 


15 


23 30 


33 


120 




<c) 


28 


kk 103 


130 


1001 




(d) 


36 


100 121 


210 


1100 



7. Two. The binary baee. With only one symbol it would be impossible to 
express both zero and one. 



♦8, (a) 1003 



(b) 1110 



four 
'six 



(c) 1002 



three 



(d; U24 



five 



9' The new systen is in base four. 



(e) 111^ 

four 

(f) 10!*5 



'six 



(g) 112 



six 



(h) 22 



three 



Base 
Ten 


New 
Base 


Nev BAse 

Names 




Base 
Ten 


New 
Base 


New Base 
Names 


0 




do 




11 


A > 


mi fa 


1 


1 


re 




18 


^0 


fa do 


2 


A 


mi 




13 


> 1 


fa re 


3 


> 


fu 




Ik 


> A 


fa ml 


k 


10 


re do 




15 


> > 


fa fa 


5 


li 


re re 




16 


100 


re do do 


6 


lA 


re mi 




17 


101 


re do 


7 


! > 


re fa 




18 


lOA 


re do mi 


8 


AO 


si do 




19 


I0> 


re do fa 


9 


Al 


mi re 




20 


110 


re re do 


10 


AA 


ml ml 







^ if 
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10. 



+ 


o 


1 

1 


A 


> 




X 




1 


A 


> 


o 


o 


1 

i 


A 


> 




o 


o 


o 


o 


o 


1 

1 


1 
1 


A 


> 


ivJ 




1 
1 


U 


f 
I 


A 


> 


A 


A 


> 


\o 


It 




A 


o 


A 


lO 


lA 


> 


> 


lO 


!i 


lA 




> 


o 


> 


lA 


Al 



Exercises 8 ^- Page 33 



Base ten 


0 


1 


2 


3 




5 


6 


7 


8 


9 


10 


Base two 


0 


1 


10 


11 


100 


101 


110 


111 


1000 


1001 


1010 



11 


12 


13 


\h 


15 


16 


17 


l8 


19 


20 


1011 


1100 


1101 


1110 


1111 


10000 


10001 


10010 


10011 


10100 


21 


22 


23 




25 


26 


?7 


28 


29 




10101 


10110 


10111 


11000 


11001 


11010 


11011 


11100 


11101 



30 


31 


32 


33 


11110 


11111 


100000 


10CXX)1 



2. Addition^ Base two 



There are only four 
addition "facts," 



3. Miiltipii cation, Base Two 

There are only four multiplication 
"facts." "Rie two tables are not 
alike, except that 0 0 and 
0X0 both equal 0. 

The binary system is very simple because there are only four audition 
and four multiplX -ation "facts" to renjerr-ber. Cosiputation is sisipie. 
Writing numerals for large numbers, however, is tedious. 



+ 


0 


1 


0 


0 


I 


I 


1 


10 



X 


0 


1 


0 


0 


0 


1 


0 


1 



3r 




k. (a) lU.. - (1 X tva>) + (X X tvo) (I x one) - 7 

(b) 1000. » (1 X two^) + (0 x two^) + (0 X tw) + (0 X one) • 

(1 X 2^) « 8 

(c) lOlOr - (1 X two^) + (0 X two^) + (I X tvo^) + (0 X two) 

tvo 

+ (l X one ) • (1 X 2^*) + (1 X 2^) + (1 X l) - 21 

(d) 11000^^ . ^ ^^Uj ^ ^ ^ ^^3) + (0 X tvo^) + (0 X two) 

+ (0 X one ) . (1 X 2^*) + (1 X 2^) - 21| 

(e) 10100 « (l X two ) + (0 X two^) + (1 X tvo ) + (OX tvo) 



+ (0 X one) = (1 X 2^*) + (l X 2^) » 20 



22 - 


IT 

twelve 








23 - 


twelve 








2k . 


20 

twelve 








hGB 










(a) 


^^Hwelve 


m 


(l X tvelve^) + (1 


twelve) + (l X one) 




ss 


(l X Ikk) + (1 X 12) 


+ (1 X l) - 157 


(b) 


twelve 




(3 X tvelve^) + (T X twelve) + (2 X one) 






(3 X 11*4) + (10 X 12) 


+ (2 X l) « 55^ 


(c) 


twelve 




{k X twelve^) + (7 X 


twelve) + (E X one) 






(U X 11*1*) + (7 X 12) 


+ (11 X 1) = 671 


(d) 


twelve 


m 


(T X twelve^) + (O x twelve) (E X one) 




m 


(10 X 11*1*) + (u X i; 


1 - 11+51 


(a) 


111^ 
two 




(c) 


110000^^ 


(b) 


1011. 
two 




(d) 


1^011°tvo 


(a) 


^^tvo 




(c) 


^^Hvo 


(b) 


^Hvo 




(d) 


^Hwo 


(a) 


^00011,,, 




(c) 


1100^ 
two 


(b) 


10000000. 

tvo 


(d) 


1100100^^ 


(a) 


Addition 


323^ , ; Subtraction 1^9..^, 
-'twelve tvelve 


(b) 


^^tvelvn? 


tvelve 





12. Uie binary systes is extremely simple in computation. Numerals for 
large numbers are tedious to vrite* 

•Dae duodecimal system may be used conveniently to represent large numbers. 
Tvelve is divisible by 1, 2, 3, 6 and 12 while ten is divisible 
only by 1, 2, 5 and 10. The tvelve syst«D requires more computational 
•'facts" which will increase difficulties in memorizing tables of addition 
and multiplication. We do use tvelve in counting dozens, gross, etc., 
and in some of the common measures of length* 

13. (a) 2E5^ , (b) 378^ , 

^twelve ^' twelve 

l^*. Five veiglitsj 1 oz., 2 02., h oz., 8 02., me^ be used to check any weight 
up to 15 ounces. By adding a I6 oz. weight, any weight up to 31 
ounces may be checked. 

15 • Fteople ^o work with computers often use the base eight. To change from 
binary to octal and back is simple with the help of the table: 



Binary 


Octal 


000 


0 


001 


1 


010 


2 


Oil 


3 


100 


k 


101 


5 


no 


6 


111 


Y 



Ibr example, we have 

2000 = 011,111,010,000^ = 3Y20 , 
ten two eight 

Note the grouping of numerals by threes in the binary numeral. The sum 
of the place values of digits In each group results in the octal numeral. 
Hence 

Oil = (1 X 2) + (1 X 1) - 3 

111 = (1 X J+) + (1 X ?) + (1 X 1) = 7, etc. 



ERIC 



Exerolses £ — B ^e 36 




(e) ([m]) (jmj) (Jmj) (DTij) » 



seven 



10100^ 
tvo 



2. (a) twelve (c) five 
(b) seven (d) two 

3. (a) 111^^ » (1 X twD^) 4 (1 X two) + (1 X one) 

- (1 X 4) + (1 X + (1 X 1) = 7 

(b) 321j.^^ = (3 X four^) + (2 X four) + (l X one) 

(3 X 16) + (2 X 4) + (1 X 1) = 57 

(c) 9631ggyg^ - (2 X seven^) + (6 X seven^) + (3 X seven) + (l x one) 

» (2 X 3^3) + (6 X 1*9) + (3 X 7) + (1 X 1) X 1002 

(d) 37T^^g^^^ - (3 X twelve^) + (7 X twelve) + (T X one) 

= (3 X Ikk) + (7 X 12) + (10 X 1) = 526 

k. 1000.^ = 1750 , , ^ = 1,111,101,000, 

ten eight ' ' * two 

5. 100 , , .101 , , 102 , , 103 . , 10i+ , . 
nine' nine' nine' "^nine' nine 

'6, (a) 2; 6ij 36oi| 216,001; etc. 

(b) No. It cannot because the decimal system has a symbol for zero. If 
this symbol doesn't appear between the two I's then no zero can be 
intended. 

f f f ^ ( ff X sixty^) + (^fFx sixty) + f x one) 

= (2 X 3600) + (12 X 60) + (11 X 1) 

= 7931 

'^^ten = f < 

000^,, ? f Iff If «« 

(e) ^ ffff 

7. The base Is twenty . Four score and seven h'i^ = B/' 

tventy ten 




*8. Since there are onl^ five syjBbola the hmae ii five. 

- (J* X five^) + (3 X five^) + (2 x five^) + (I x five) + (0 X one) 

- (1* X 625) + (3 X 125) + (2 X 25) ♦ (X X 5) + (0 X 1^ 



•9. ^ 



10. The base is tventy-six. 

BE « 25^ ^ . « (2 X twenty-six) + (5 X one) 
^twsnty-slx ' 

- (2 X 26) (5 X l) - 57tg^ 
TWO * (T X twenty-six^) + (w X twenty-six) + (0 X one) 
- {19 X tventy-six^) + (22 x twenty-six) + (O x one) 

(19 X 676) + (22 X 26) + (0 X 1) 
• 13,^16 

FOUR - (FX tventy-8ix^) + (0 X twenty-six^) + (U X twenty-six) + (R X one) 

« (6 X twenty-six-') + (0 X twenty-six ) + (20 x twenty-six) 
+ (17 X one) 

= (6 X 17,576) + (0 X 676) + (20 X 26) + (17 X 1) 
» 105,993,^^ 

11. The method works for base tvelve and base seven. It vill also work for 
other bases. For bases larger than ten^ add. For bases less than ten, 

subtract. 
Example in Base 

isultiplying: (1^ x 4) » l6 

SIX 

kh - 16 = 28, 

ten 

Example in Base Fifteen: 

^^filXeen ^s^l^iPlyins: X 5) = 20 

ten 

Students may suggest other methods which should be checked carefully 
for \'alldity. 
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